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Abstract. We show that difference Painleve equations can be interpreted as 
isomorphisms of moduli spaces of d-connections on P 1 with given singularity 
structure. In particular, we derive a difference equation that lifts to an isomor- 
phism between A^'-surfaces in Sakai's classification [29] : it degenerates to 
both difference Painleve V and classical (differential) Painleve VI equations. 
This difference equation has been known before under the name of asymmetric 
discrete Painleve IV equation. 



1. Introduction 

This paper is about difference Painleve equations and their geometric properties. 
The term 'discrete (difference, g-diffcrcncc, or elliptic) Painleve equation' is rather 
vague: there exist different ways of discretizing the classical (2nd order differential) 
Painleve equations, see e.g. [15] . [23] . [22], [19], [29]. We will consider the equations 
that fit into Sakai's classification described in [29] . 

Any equation of Sakai's hierarchy, by definition, originates from a birational 
automorphism of C 2 that lifts to a regular isomorphism between the blow-ups of 
P 2 at 9 points. This geometric property allows to classify the equations according to 
the type of the resulting surface. The hierarchy also includes the classical Painleve 
equations for which the surfaces are viewed as spaces of initial conditions, see [24], 

In the last few years several researchers computed the so-called 'gap probabili- 
ties' in various discrete probabilistic models of random matrix type, see [4], [6], [7], 
PQ; [5]-[12j. Surprisingly, these quantities were often expressible in terms of certain 
specific solutions of equations from Sakai's hierarchy. Later it was demonstrated 
that the equations arising in probabilistic models can be viewed as reductions of 
isomonodromy transformations of systems of linear difference equations with ratio- 
nal coefficients [5] . Further discussion of monodromy for difference equations can 
be found in [2D]. 

The goal of this paper is two-fold. First, we show how the geometric approach 
to isomonodromy transformations implies that the transformations lift to isomor- 
phisms between suitable surfaces. This provides a conceptual explanation of the 
above coincidence. The surfaces are geometrically interpreted as suitable mod- 
uli spaces of d-connections (short for "difference connections" ) on the Riemann 
sphere. Second, we derive an equation of Sakai's hierarchy that lifts to an isomor- 
phism between J 42 1 ' > * -Sur f aces m Sakai's classification [29]. We call this equation 
the difference Painleve VI, or dPVI. 

Let us briefly describe our results. 



2 



D. ARINKIN AND A. BORODIN 



Consider a matrix linear difference equation 

(1.1) y(z+l) = A(z)y(z), A(z) = A z n + - ■ -+A n _ lZ +A n , A, G Mat(m, C). 

We will always assume that Aq is invertible. According to 5], isomonodromy 
transformations of this equation consist of maps of the form 

(1.2) A(z) i y A'(z) = R(z + l)A(z)R(z)- 1 

for suitable rational matrix- valued functions R(z). For generic A(z), these trans- 
formations are parameterized by integral shifts of the zeros of A{z) and of certain 
exponents at z = oo with total sum of shifts equal to 0, see [5] [Theorem 2.1]. We 
can then express the matrix elements of A'(z) as functions of the matrix elements of 
A(z); in special cases, the expressions give rise to the difference Painleve equations. 

However, the isomonodromy transformation is defined only when A(z) is generic 
enough. Therefore, the resulting maps are rational rather than regular, that is, the 
formulas for matrix elements of A'(z) have singularities. In order to resolve these 
singularities it is convenient to use the geometric approach. 

Let C be a vector bundle on P 1 of rank m. Assume that we are given a d- 
connection on C which is, by definition, a linear operator A(z) : C z — > C z+ \ that 
depends on z polynomially. (Here C z is the fiber of C over z.) If £ is the trivial 
vector bundle, A(z) is a matrix difference equation (jl.ip . 

There is a natural operation on vector bundles with d-connection called modifi- 
cation: it is induced by a rational isomorphism 1Z £' between two vector 
bundles. A d-connection A on C then induces a d-connection A! on £ and vice 
versa. Isomonodromy transformations described above can be viewed as special 
cases of such modifications. 

Let us consider the example that leads to the difference Painleve V equation 
(dPV). Take m = (rank of C) — 2; assume that A{z) has four simple zeros oi, (12,03, 
04 G C, and that there exists a trivialization of £ in a neighborhood of z = 00 with 
respect to which the matrix of A(z) has the form 



A(z) 



Pi 


0" 


z 2 + 


P\d\ 





P2_ 


p 2 d 2 



O(l), z^oo. 



Proposition (isomonodromy transformation). Under certain non- degeneracy 
conditions on the parameters [a\, . . . , 04, pi, p 2l e?i, d 2 ), for any vector bundle C with 
d-connection A as above and any integral shifts of the parameters 01, . . . , 04, di, di, 
there exists a unique vector bundle £' with d-connection A' related to (£, ^4) by a 
modification, and such that it satisfies the above assumptions with shifted values of 
parameters. 

Note that we do not need to assume that (£, A) is generic. This means that 
the modifications of this proposition give (regular, not birational) isomorphisms 
of the moduli spaces of vector bundles with d-conncctions with given singularity 
structure, provided the parameters are generic. 

From now on, let us also assume that 

deg(£) = — (ai H + a 4 + di + d 2 ) = -1. 

This condition implies that C is always isomorphic to O © 0{— 1). (Notice that an 
isomonodromy transformation fixes deg(£) if and only if the corresponding shifts 
of the parameters oi, . . . , 04, di, d 2 add up to zero.) By a choice of basis in C, the 
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moduli space of d-connections can be identified with equivalence classes of 2 x 2 
matrices with polynomial entries satisfying 



A = 



an 

021 



ai2 
a-i2 



degan < 2, dega 22 < 2, dega 2 i < 1, degai 2 < 3, 

det^4(z) = const(z — a\)(z — a 2 ){z — a 3 )(z — a 4 ), 
an + 022(1 + z~ x ) = (pi + p 2 )z 2 + (dipi + d 2 p 2 )z + 0(1), 
modulo the gauge transformations of the form (|1.2p with polynomial 



R 



''11 




T22 



rix = const, r 22 = const, degri 2 < 1. 



It is not hard to see that this moduli space is two-dimensional. We show that its 
smallest compactification is a surface of the Sakai type ~D 4 , in particular, it is a 
blow-up of P 2 at 9 points (we use a different description as a blow-up of P 1 x P 1 ). 
The moduli space itself is the complement of 5 curves (the support of the unique 
effective anti-canonical divisor) inside this surface. 

In order to connect this picture to dPV, we introduce coordinates on the moduli 
spaces. 

Theorem (dPV). Take the zero of the linear polynomial a 21 as the first coordinate, 
denote it by q, and take the value of the matrix element an at q divided by (q — 
a 3 ) {q — a 4 ) as the second coordinate, denote it by p. Consider the modification of 
(C,A) to (C',A') that shifts 

ax 1— > ax — 1, a 2 1— > a 2 — 1, d\ 1— ► d\ + 1, <i 2 t— * d 2 + 1. 

Then the coordinates {p',q') on the moduli space of(C',A') are related to {p,q) by 

pi(di + a 3 + a 4 ) p 2 (d 2 + a 3 + a i ) 



pp 



= a 3 + a 4 + 

P - Pi 

(q' - ax + l){q' - a 2 + 1) 



P - 92 



■ P\P2- 



W - a 3 )(q' - a 4 ) 

This is exactly the dPV equation of [33], [29]. H 

Remark. The idea of using (g, p) as coordinates on the moduli space is by no means 
new. For Painleve equations it has been used, for example, in [18] in the continuous 
situation, and in [T]5] in the discrete situation. 

Another example that we consider in detail deals with rank 2 vector bundles C 
with d-connection A(z) which has 6 simple zeros a\, . . . ,a§ G C and whose behavior 
near z = 00 in a suitable trivialization is given by 



A(z) = 



'1 


0" 




"dx 0" 





1 


z 3 + 


d 2 



z 2 + 0(z). 



Quite similarly to the case of dPV discussed above, there is an action of Z 8 which is 
parametrized by integral shifts of a^s and dj's. The group acts by isomorphisms of 
moduli spaces. Let us again assume that deg(£) = — (ax + • ■ • + ae + d\ + d 2 ) = — 1. 



A different reduction of an isomonodromy transformation to dPV can be found in [6]. 
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Then the corresponding moduli spaces can be identified with equivalence classes of 
2x2 polynomial matrices satisfying 



degan < 3, dega 22 < 3, dego 2 i < 1, dega i2 < 3, 



_ an ai2 

0-21 a 22 J 

det A(z) = const(z — a\){z — a 2 ){z — as)(z — a-i)(z — a^)(z — as) 
(an - z 3 )(a 22 (l + z~ v ) - z 3 ) - a 12 a 2 i = did 2 z 4 + 0(z 3 ), 

modulo same gauge transformations as in the case of dPV. 

Once again, we show that such a moduli space is two-dimensional and its smallest 
compactification can be identified with P 2 blown up at 9 points. The corresponding 
surface has type A 2 in Sakai's notation, and the moduli space is the complement 
of 3 curves (the support of the effective anti-canonical divisor) in this surface. 

Similarly to the case of dPV, in order to get explicit equations we need to intro- 
duce coordinates on the moduli spaces. 

Theorem (dPVI). Take the zero of the matrix element a 2 \ as the first coordinate, 
denote it by q, and take the value of the matrix element an at q divided by (q — 
a 4)( 0— a 5)( 0— a 6) as the second coordinate, denote it by p. Consider the modification 
of C to £' that shifts 

(1.3) ai i— > ai — 1, a 2 i ► a 2 1, d\ i— > d\ + 1, d 2 i— > d 2 + 1. 

Then the coordinates (p',g') on the moduli space of £ are related to (p,q) by 
= (p-l)(q + l-a 1 -a 2 )+pa 3 + £ 



where 



3=1,2 — P( 1 - a i- a 2-rfj)-a3 ^ 

(q' - ai + l)(q' - a 2 + 1) fl - , . 

P'P = -[-, rr-, rr-, r • {{p - l){q' - q) + q' -as), 

(q' - a 4 )(g' - a 5 )(q' - a 6 ) 

(dj + ai + a 2 + a 4 - l)(dj + a\ + a 2 + a 5 — l)(dj + ai + a 2 + a 6 - 1) 



We will call the relations above the difference Painleve VI equation. 

Remark. The difference Painleve VI equation above is equivalent to the asymmetric 
dPIV equation of [15], see also earlier references therein. Indeed, introducing the 
new variable r instead of p via p = (q — aa)/(g + r) we can rewrite our relations as 

(r + a 3 )(r + a 4 )(r + a 5 )(r + a 6 ) 



(q + r)(q' +r) = 



(r + 1 — a\ — ai — d\){r + 1 — a\ — ai — d 2 ) ' 
(q' - a 3 )(g' - a 4 )(g' - a 5 )(g' - a 6 ) 



(? ' + r)(? ' + /)= -(«-D) ' 

which, up to a change of notation, coincides with (1.3) of [15] . We are very grateful 
to the referee for pointing this out. 

The reason we prefer seemingly more complicated expressions in the theorem 
above is that the coordinates have a clear geometric meaning. This also simplifies 
various degenerations to other Painleve equations. 

It should be noted that formulas for all isomorphisms of Sakai surfaces in prin- 
ciple can be written using coordinates of 29J. The computation, however, can be 
rather tedious. 
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There are simple degenerations that turn dPVI into dPV and the classical PVI 
equations. In a sense, this can be done simultaneously. Let us consider, in addition 
to the flow given by the shift (|1.3[) . the flow generated by the shift 

(1.4) 03 >— > 03 — 1, «4 h> 04 - 1, d\ 1-^ d\ + 1, d,2 i— > d.2 + 1. 

Clearly, the flow given by the shift (11. 4p is also described by dPVI with a slightly 
different p-coordinate. Now let 01, 0,2-, d\, and di go to infinity at speeds — pi, — pi, 
pi, and P2, respectively. In the limit, the dPVI equation corresponding to (]1.3|) 
converges to a continuous vector field which is equivalent to the classical PVIo At 
the same time, the flow corresponding to (jl.4p converges to a discrete flow described 
by dPV. As the result, we get two commuting flows on the same surface (of the 
Sakai type D 1 ^ '): a vector field given by dPVI and a discrete dynamics given by 
dPV. 

This limiting picture can be seen from two points of view. First, the classical PVI 
possesses the so-called Backlund transformations which can be described via dPV, 
see |llj . Second, there is a natural continuous isomonodromy deformation that 
moves the parameters p\ , pi in the dPV setting; it can be reduced to the classical 
PVI. Finally, the geometric Mellin transform (a version of the Fourier transform) 
relates the two approaches. These interrelations (except for the Backlund transfor- 
mations) are discussed in detail in the body of the paper. 

The paper is organized as follows. In Section 1 we state our main results. In 
Section 2 we study general properties of d-connections and discuss various opera- 
tions on them. Section 3 is dedicated to dPV and the corresponding moduli space. 
In Section 4 we describe the relations between dPV and PVI. Finally, in Section 
5 we deal with dPVI, the associated moduli space, and degenerations of dPVI to 
dPV and PVI. 

The authors are very grateful to D. Ben-Zvi, P. Deligne, D. Kazhdan, and 
I. Krichever for helpful discussions. We would also like to thank the referees for a 
number of valuable suggestions. The first author (D. A.) was partially supported 
by NSF grants DMS-0100108 and DMS-0401164 and by DARPA grant HR0011- 
04-1-0031. This research was partially conducted during the period the second 
author (A. B.) served as a Clay Mathematics Institute Research Fellow. He was 
also partially supported by the NSF grant DMS-0402047. 

1.1. Notation. In this paper, the ground field is C, so 'variety' means 'variety over 
C, 'P 1 ' means 'Pg' and so on. z stands for the coordinate on the projective line 
P 1 . For a vector bundle £ on P 1 , the fiber of £ over z 6 P 1 is denoted by L z and 
the space of global sections of C is denoted by T(¥ 1 ,C). O(k) stands for the line 
bundle (vector bundle of rank 1) on P 1 whose sections are functions on P 1 with a 
pole of order at most k (or zero of order at least — k, if k < 0) at 00 6 P 1 . 

diag(«i, . . . , a m ) stands for the diagonal m x m matrix with entries ai, . . . , a m . 

2. Main Results 

2.1. d-connections and their moduli. Let £ be a vector bundle on P 1 of rank 
m . 



2 The classical PVI was also obtained as a limit of other discrete Painleve equations in |19| . 

ED- 
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Definition 2.1. A (rational) d- connection on C is a linear operator 

A(z) : C z -> £ z+i 

that depends on a point z € P 1 — {00} in a rational way (in particular, A(z) is 
denned for all z G C outside of a finite set); here £ z is the fiber of C over z G P 1 . In 
other words, A is a rational map between the vector bundle C and and its pullback 
s*(C) via the automorphism s : P 1 — > P 1 : z i— > z + 1. 

Remark 2.2. Essentially, a d-connection is a system of (rational) linear difference 
equations y(z + 1) = A(z)y(z) on a section y(z) of the vector bundle C Notice 
that any vector bundle £ is trivial when restricted to A 1 = P 1 — {00}. If we pick 
a trivialization S(z) : C m ^C z , z G A 1 of this restriction ('a basis of C), A can be 
written in coordinates as the matrix-valued function A(z) = S(z + 1) A(z)S(z) 
(the matrix of the d-connection). For two trivializations Si(z) : C m ^+jC z (i = 
1,2), the corresponding matrices A4 — Si(z + l)~ 1 A(z)Si(z) differ by a d-gauge 
transformation: 

A 2 {z)^R(z + l)- 1 A 1 {z)R{z), 

for the 'd-gauge matrix' R := S^ 1 S 2 - Thus, classification of d-connections is equiv- 
alent to the classification of their matrices up to the d-gauge transformation. 

We work with d-connections that have simple zeroes on A 1 and whose behavior 
at infinity is 'simple' in the sense of the following definition: 

Definition 2.3. Let £ be a rank 2 vector bundle on P 1 and A(z) be a d-connection 
on C. Suppose A(z) satisfies the following conditions: 

(1) The only zeroes and poles of A(z) are as follows: a pole of order n at 
infinity, and simple zeroes at k distinct points ax, ■ ■ ■ , o-k G A 1 . Here we say 
that ai is a simple zero of A(z) if, at a,, A(z) is regular and det(A(z)) has 
zero of order 1. 

(2) On the formal neighborhood of 00 G P 1 , there exist a trivialization IZ(z) : 
C 2 — > C z (H(z) is essentially a matrix-valued Taylor series in z _1 ) such 
that the matrix of A with respect to 1Z satisfies 

~px(z n + d 1 z n - 1 ) 

P2 (z n + d 2 z n - 1 )_ 

for some numbers p\, dx, d-i G C. 
We call such a d-connection A(z) (or, more precisely, the pair (C,A)) a d- 
connection of type 9 = (ax, ■ ■ ■ , dfc; pi, p2, dx, (I2; n). 

Remark 2.4. One can also consider d-connections that have simple poles besides 
simple zeroes. As it turns out, addition of poles does not lead to a significantly 
different object: in Section[321 we discuss an operation ('multiplication by a scalar') 
that turns a pole of a d-connection into a zero and vice versa. 



(2.1) TZ(z + l)- L A(z)n(z) = 



Remark 2.5. The second condition of Definition [2T3] might seem unnatural, however, 
Corollary 13.41 shows that a generic d-connection satisfies it. See also Remark 13.21 
for a reformulation of this condition in terms of formal solutions to a difference 
equation. 

Denote by Mg the moduli space of d-connections of type 9. One can think of 
Mg in several different ways: as a set (the set of isomorphism classes of connections 
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of given type), a category (the category of such connections), a scheme (the cor- 
responding coarse moduli space), or an algebraic stack (the fine moduli stack). In 
this paper, we work with the coarse moduli space, although some results also hold 
for other 'incarnations' of Mg. (Note that we need to impose some conditions on 9 
to make sure that the coarse moduli space of d-connections of type 9 is a scheme.) 
It is easy to see (Corollary I3.11j) that Mg is empty unless 

(2.2) k = 2n; 

k 

(2.3) deg(0) := —d\ — d 2 — at is an integer. 

8=1 

Let us also consider the following non-degeneracy assumptions on 9: 

(2.4) -dj - 2 Oi g Z for any J C {1, A}, j = 1, 2; 

iei 

(2.5) ai — aj g" 1 for any i ^= j; 

(2-6) pi,p 2 i= 0;pi ^ p 2 . 

Let 02n be the set of all collections 9 — (a\, . . . , a,2 n ;pi, p%, di, d%\ n), and let 
e|„ c 6 2n be the set of 9 that satisfy -$21$. Set 6 = |J„ Q 2n , Q* = \J n e L- 

Remark 2.6. Informally speaking, we impose the conditions (|2.4j) ()2.6|1 for the fol- 
lowing reasons: (|2.5p . p.6| simplify modifications of d-connections (Section 13. 2|l . 
while (|2.4p implies that d-connections of type 9 are irreducible (Lemma l3.12p . Irre- 
ducibility can be used to prove that the moduli space Mg is 'nice'; for example, one 
can show (using the same ideas as in [3]) that Mg is a smooth variety of dimension 
2n- 2 for any 9 e 6 2n . 

2.2. Difference PV. We want to study the moduli space Mg for 9 G 6 2 „- As 
Remark 12.61 shows, the first interesting case is when 2n = 4: then Mg is a smooth 
algebraic surface. We will also assume that deg(0) = — 1 (the degree is defined in 

O). 

Remark 2.7. The assumption is not too restrictive: using 'modifications' of d- 
connections (described in Section [3. 2p . we can construct for any 9 an isomorphism 
Mg^Mg,, where deg(0') = -1. 

We describe the surface Mg by introducing 'coordinates' (q,p) £ (P 1 ) 2 ; more 
precisely, Mg is described as an open subset in a blow-up of (P 1 ) 2 . The construction 
imitates the description of the moduli space of connections ([3], [16]) which goes 
back to Okamoto ([Ml [23]). 

Theorem A. Suppose 

9 = (ai,a 2l a 3 ,a4; p 1: p 2 ,d ll d 2 - 1 2) G 64 

has deg(6>) = -1. Let ax : iTi -> (P 1 ) 2 6e t/ie blow-up of (P 1 ) 2 at i/je following 
6 points: (q,p) = (ai,0), (02, 0), (03,00), (04,00), (00, pi), anc! {00, p 2 ) (here 
q and p are the projections (P 1 ) 2 — » P 1 ^. Consider the two exceptional curves 
Ej = a^ 1 (oo, pj) C i^i, j — 1,2; homogeneous coordinates on Ej are given by 
(1/q : p — p.j). Let er 2 : K 2 — > i^! 6e t/ie blow-up of K\ at the two points (1/q : 
P — pj) = (1 : pi{d\ +03 + ai)), j = 1,2 (one point on each exceptional curve). 
(1) There exists an open embedding P 2 : Mg <—* K 2 . 



s 
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(2) The complement to P2(Mg) in K 2 is the union of the proper preimages of 
the following curves: P 1 x {Oj-jP 1 x {oo},{oo} x P 1 C (P 1 ) 2 , and the two 
exceptional curves Ej C K\, j = 1,2. 

Remark 2.8. K 2 is the smallest smooth compactification of Mg (cf. [31 Corollary 
5]): any open embedding Mg °-> M with smooth projective M induces a regular 
morphism M Ki- Note also that (K 2 ,K2 — Mg) is an Okamoto-Painleve pair 
(of type D4) in the sense of [27], [28]; in particular, K2 is a surface of the Sakai 
type D { 4 1] . 

In particular, the composition P : Mg <^-> K2 — ► (P 1 ) 2 is birational. Therefore, 
one can view the components of P is a kind of 'rational coordinates' on Mg. We 
denote the components by q and p, so that P — {q 7 p). 

The natural operations on d-connections (modifications and multiplications by 
scalar) define isomorphisms between the spaces Mg for different 9 (see Section |3"T2"1) . 
Our next result describes such an isomorphism for one of the simplest modifications 
of d-connections. The description can be viewed as a non-linear difference equation 
in 'coordinates' (p, q) (the difference PV). 

As before, suppose 

9 = (a 1 ,a2,a 3 ,a 4 ;pi,P2,d 1 ,d 2 ;2) E Q\ 

has deg(0) = -1. Set 

9' = (cti -l,fl2 - l,a 3 ,a 4 ;pi,p 2 ,d 1 + l,d 2 + 1;2) e Q\. 

Modification of d-connections defines an isomorphism dPV : Mg — > Mgi . Explicitly, 
for every (£,A) £ Mg, the image dPV(£, A) = (C',A r ) is the only d-connection 
of type 9' that admits a rational isomorphism 1Z : £'--->£ that agrees with the 
d-connections: lZ(z + l)A'(z) — A(z)lZ(z). 

Theorem B. Set p' :=po dPV, q' := q o dPV : M e -> P 1 . TTien 

Pi(rfi+a3 + a 4 ) ,02(^2 + «3 + ai) 



(2.7) 



+ g = a 3 + a 4 

P - Pl P - P2 

g'-ai + l )(q'-a 2 + l) 
P -P= Ti \Ti ^ P^ 2 



2.3. Difference PV and classical PVI. As we mentioned above, d-connections 
and ordinary connections have many common properties. Let us consider the fol- 
lowing class of (ordinary) connections: 

Denote by A c C 8 the set of all collections A = (A^ , Af, . . . , A7 , A4 ) such that 

4 4 
5>-+A+)£Z, At-ATgZ, £ A i'* Z 
i=l i=l 

for any choice of upper indexes e, S {+,—}. Let A C (P 1 ) 4 be the set of all 
collections x = (xi, . . . , x±) of four distinct points of P 1 : 

A := {{xx, . . .,Xi)\xi ± X j for i ± j} C (P 1 ) 4 . 

Definition 2.9. Suppose (x, A) 6 A x A. A connection of type (x, A) is a pair 

(£, V) such that £ is a rank 2 vector bundle on P 1 , V : £ — ► £ ® flpi (xi H h cc 4 ) 

is a connection with simple poles at x^s, and the residue of V at Xi has eigenvalues 
I A, • 'V }• 
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For (x, A) 6 X x A, we denote the coarse moduli space of connections of type 
(a;, A) by Mr Xt \). It can be thought of as the space of initial conditions of the 
Painleve equation PVI. The space Mu.,\) has a geometric descritption, which goes 
back to K. Okamoto; we remind the description in Proposition 15.11 It is easy to 
see from the description that Me and Mi x \\ are isomorphic for a suitable choice of 

parameters (they are both surfaces of type D^): 
Theorem C. Suppose 

9 = (01, a 2 ,a 3 ,a 4 ; pi, p 2l di,d 2 ] 2) 6 64 

has deg(0) = -1. Set 

x = (x 1 ,X2,x 3 ,Xi) '•= (0,pi,p 2 ,oo) S X, 
A = (A7, A+, . . . , A4 , A| ) := (ai, a 2 , 0, di + a 3 + a 4 , 0, d 2 + a 3 + a 4 , -a 3 , -a 4 ) 6 A. 
T/ien Mg ~ Af^x) ■ 

Remark 2.10. Theorem [C] can be proved by direct calculations, but it can also 
be explained in terms of moduli spaces. In Section 15.61 we describe a one-to-one 
correspondence between d-connections of type 9 and connections of type [x, A). Up 
to small 'twists', the correspondence is the geometric Mellin transform of [21]; it is 
constructed using de Rham cohomology and equi variant cohomology groups. The 
Mellin transform is a particular case of the duality for generalized one-motives (also 
defined in [21]). 

Now let us fix A 6 A and consider surfaces M( Xt \) for all x € X. They can be 
viewed as fibers of an algebraic family M\ — > X. The sixth Painleve equation PVI 
is an algebraic connection on this family; the (analytic) integral curves of PVI 
correspond to isomonodromy deformation of connections. 

By Theorem [Cj the sixth Painleve equation PVI induces a connection on a 
family of moduli spaces of d-connections. It turns out that this connection can be 
defined for arbitrary 9 £ 2n (not necessarily when 2n = 4). More precisely: 

Theorem D. Let n be a positive integer. Fix a±, ■ ■ ■ , a,2 n , d±, d% € C that satisfy 
(E3D-(E3]), and set P = {{ Pl , p 2 ) € C 2 : Pl , p 2 + 0,Pi ^ p 2 } ■ For all p := ( Pl ,p 2 ) 6 
P, set 6(p) = (01, . . . , a 2n ; pi, p 2 , e?i, d 2 ; n) S Q 2n , and consider the coarse moduli 
spaces Mgrp\. Clearly, they form a family M — ► P. 

(1) The family M — > P carries a natural algebraic connection (defined in Sec- 
tionW^jl. 

(2) In the case In — 4, this connection coincides with the PVI connection 
under the isomorphism of Theorem [C\ 

Remark 2.11. The connection of Theorem ID] can be thought of as a 'continuous' 
isomonodromy deformation of d-connections. 

2.4. Difference PVI. So far, we have worked with d-connections of type 9, where 
9 is non-degenerate in the sense of (|2.4p - (|2.6p . It turns out that a different class 
of d-connections enjoys similar properties. Namely, let us replace (|2.6p with the 
following condition: 



(2.8) 



Pi = p-2 0;di ^ d 2 . 
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Let 6 2 „ C 6 2 „ be the set of all 9 that satisfy [pT2" J) -(|2"l)] ) . and (l2~8l) . and set 
O b = [J 2 „. It can be shown that for 9 G 2 „, the coarse moduli space Mg is a 
smooth variety of dimension 2n — 4 (recall that for £ ©Iru we have dim(Me) = 
2n — 2). Therefore, the first 'interesting' case is 9 G 0@; then Me is an algebraic 
surface. As before, we assume deg(#) = — 1. 

Similarly to Theorem[A] we can describe the moduli space Mg using 'coordinates' 
(q,p) G (P 1 ) 2 . 

Theorem E. Suppose 

9 = (ai,a 2 , a 3 , a 4 , a 5 ,a 6 ;p, p, di, d 2 ; 3) G & 6 

has deg(6>) = -1. Let ai : K x -> (P 1 ) 2 be the blow-up of (P 1 ) 2 at the following 
7 points: (q,p) = (ai,Q), (a 2 ,0), (a 3 ,Q), (04,00), (05,00), (a 6 ,oo), and (00, p) 
(Tie re q and p are t/ie projections (P 1 ) 2 — > P 1 ^. Consider the exceptional curve 
E = er-j" (oo,p) C ifi; a homogeneous coordinate on E is given by {1/q ■ p — p). 
Let (72 : K2 —> K\ be the blow-up of K\ at the two points {1/q : p — p) — (1 : 
p(dj + a 4 + a 5 + a 6 )), 7 = 1, 2. 

(1) There exists an open embedding P 2 : Mg TsT 2 . 

(2) T/ie complement to P 2 (M#) in Ki is the union of the proper preimages 
of the following curves: P 1 x {O^P 1 x {00}, {00} x P 1 C (P 1 ) 2 , and the 
exceptional curve E C K\, j = 1,2. 

Remark 2.12. Using multiplication by scalar, it is easy to see that the moduli 
space Mg for 9 = (ai, . . . , a 2n ; P, P, di, d 2 ; n) does not depend on p. Therefore, we 
can assume that p = 1 without loss of generality. 

Remark 2.13. K2 is not the smallest smooth compactification of Mg (unlike the case 
when 9 G 4 , see Remark l2.8j) . Indeed, the proper preimage of {00} x P 1 C (P 1 ) 2 
is an exceptional curve in K2 — Mg. Contracting the exceptional curve, we obtain 
the smallest smooth compactification of Mg, which is a surface of the Sakai type 

Modifications of d-connections define natural isomorphisms between spaces Mg. 
Similarly to Theorem [Bl we describe a simple isomorphism of this kind explicitly. 
We call the resulting difference equation 'the difference PVL': as we will see, it 
degenerates into both the difference PV (Section 16. 3p and the usual PVL (Section 

EM- 

Suppose 

9 = (01,02,03,04,05,06; 1, l,di,d 2 ;3) G 6 6 
has deg(0) = -1. Set 

9' = (oi - 1, o 2 - 1, o 3 , o 4 , a s , a 6 ; 1, 1, di + 1, d 2 + 1; 3) G 6 . 

Modification of d-connections induces an isomorphism dPVL : Mg — > Mg/. Ex- 
plicitly, for every (£,.4) G Me, the image dPW(£,.A) = (C',A') is the only d- 
connection of type 9' that admits a rational isomorphism 1Z : £'^+£ that agrees 
with the d-connections: 1Z(z + l)A'(z) = A(z)1Z(z). 

Theorem F. Set p' := p o dP^I, q' :=qo dPVI : Mg -> P 1 . For .7 = 1, 2, set 

(dj + Or + a 2 + a 4 - l)(d,- + a 4 + a 2 + a 5 - l)(dj + a 1 + a 2 + a6 — 1) 

Cj '~ (dj-da-j) 
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(the denominator is ±(e?i — d&))- Then 

CjP 



q' = (p- l)(q+ 1 - ai - a 2 ) +pa 3 + Ej=i,2 



(2.9) 



I ' _ P(l-ai-a2-dj)-a. 3 \ 
V P- 1 ) 



(q -ai + 1 )(q - a 2 + 1 
P P — Tf \T~i \T~i \ ' (U 5 _ W - «) + 9 ~ «3) 



Remark 2.14. Theorem [Cl identifies Me for 6* € <d 4 with a moduli space of connec- 
tions of certain kind. A similar statement holds for 8 — (aj., . . . , &6; p, p, di, d 2 ; 3) £ 
0g. In this case, Mg is isomorphic to the moduli space of pairs (£, V), where 
£ is a rank 3 bundle on P 1 and V is a connection on C with first order poles 
at p, 0, and oo (and no other poles); the residues at the poles have eigenvalues 
{0,e?i + a 4 + a 5 + a 6 ,d 2 + a 4 + a 5 + a 6 }, {ai,a 2 ,a 3 }, {-04, -a 5 , — a 6 }, respec- 
tively. The isomorphism can be constructed using the Mellin transform (similarly 
to Section l5l)|) . 

Notice that if we interpret Mg as a moduli space of rank 3 bundles with connec- 
tions on P 1 , then dPVI becomes an isomorphism between such moduli spaces (a 
Backlund transformation) which corresponds to a modification of such bundles. 

3. General d-connections 

3.1. Formal behavior at infinity. Let £ be a vector bundle on P 1 and A(z) : 
C z — > C z +\ be a rational d-connection on C. Since 00 G P 1 is the only fixed 
point of the transformation z 1— ► z + 1, it is natural to study the restriction of A 
to a neighborhood of infinity. Here the word 'neighborhood' can be understood 
either analytically (a small disk) or formally (the formal disk). In this section, wc 
work with the formal neighborhood: the corresponding classification problem is 
significantly easier. The situation is somewhat similar to classification of irregular 
singularities for ordinary differential equations: the formal classification is much 
simpler than the analytic one (because of the Stokes' phenomenon). 

In the language of difference equations, the problem is to classify matrices A(z) 
over the ring of formal Laurent series C((z -1 )) modulo d-gauge transformations 

A{z) h-> R(z + l)- 1 A{z)R{z), 

where the gauge matrix R(z) is an invertible matrix over the ring of formal Taylor 
series (□[[z^ 1 ]]. 

If A is generic, the answer is given by the following easy statement (see for 
instance Proposition 1.1]): 

Proposition 3.1. Suppose that the m x m matrix A(z) — Aiz 1 over <C((z~ 1 )) 

i<n 

satisfies the following condition: 

, ^ All eigenvalues of the leading term A n are distinct and non-zero 

(in other words, A n is invertible, regular, and semisimple). 

Then there exists a gauge matrix R{z) = ^2 TLiz 1 with invertible Rq such that 

i<0 

(3.2) R(z + l)- 1 A(z)R{z) = A' n z n + A' n _ 1 z n ^ 1 , 

where A' n and A' n _ 1 are diagonal matrices. The matrix R{z) is uniquely determined 
up to right multiplication by a permutation matrix and a constant diagonal matrix. 

□ 
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Denote the diagonal entries of A' n by pi, . . . ,p m ', notice that pi's are the eigen- 
values of A n , in particular, all pi are distinct and non-zero. Denote the corre- 
sponding diagonal entries of A' n _ 1 by c\, . . . ,c m . Set di := Ci/p%, we work with 
di rather then Cj because it simplifies formulas (|2.3|) . (|2.4[) . We call the collection 
(pi, . . . ,p m ,d\, . . . ,d m ;n) the formal type of A(z) at infinity. Proposition 13.11 im- 
plies that the formal type is determined by A(z) up to a simultaneous permutation 
of p^s and dj's, that is, up to the action of the symmetric group S m . 

Remark 3.2. Proposition ^. II is sometimes (for instance, in [5]) formulated in terms 
of formal solutions to the difference equation: the claim is that the equation Y(z + 
1) = A(z)Y(z) has a formal solution of the form 

Y(z) = (T(z)) n diag(^A...,p^ d ™), 

where Yi are m x m matrices, Yq is invertible, and p\, . . . , p m , d\, . . . , d m 6 C. 
Note that X)i<o ^ iZ% does not coincide with R(z) of Proposition 13. II 

Remark 3.3. The formal type of A(^) can be determined directly, without diago- 
nalizing A(z). Indeed, denote by Oi(z) and cr^(z) (i = 1, . . . , m) the coefficients of 
the characteristic polynomials of A(z) and R(z + l)~ 1 A(z)R(z) respectively, so that 
o~\{z) = —trA(z) and a m (z) = (— l)™ 1 det A(z). Clearly, Uiiz) and cr^z) have pole 
of order i ■ n at infinity. One can easily check that the order of pole of o~i(z) — o~[(z) 
is at most i ■ n — 2. Thus, the two leading terms of o"j(z) and u'^z) coincide. It is 
now easy to see that the formal type of A(z) is determined (up to the S m -action) 
by the pairs of leading terms of &i(z), i = 1, . . . , m. 

In particular, if we assume A n is diagonal, then its diagonal entries are the p^s, 
and the diagonal entries of A n —i equal ptdi, even if A n _i is not diagonal. 

Let us now translate Proposition 13.11 into the language of d-connections. For 
simplicity, we only consider vector bundles of rank 2. 

Corollary 3.4. Let A{z) be a d-connection on a rank 2 vector bundle C Denote 
by n the order of pole of A at infinity and by A n ■ Ceo ~ » £oo the leading term of 
A (that is, n is the smallest number such that the limit 

A n ■= lim A(z)z' n 

z — >oo 

exists). Suppose all eigenvalues of A n are distinct and non-zero. Then A(z) satisfies 
the second condition of Definition ] 2. S\ (for some pi, p%, d±, di G Cj. □ 

We call the collection (pi, P2,d\,d2', n) the formal type of the d-connection A{z). 
It is determined by A(z) up to the action of S2. Notice also that in the situation 
of Corollary 13. 4[ the condition (|2.6j) holds automatically. 

3.2. Operations on d-connections. Let us now discuss some natural operations 
on d-connections. As we will see, the operations allow us to identify the mod- 
uli spaces (or moduli stacks, or sets of isomorphism classes, or categories) of d- 
connections of type 6 for different 6. As a trivial example, notice that Mgi = Me 
if 9' is obtained from 8 by a permutation of dj's or a simultaneous permutation of 
Pi's and di's. 
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Multiplication by a scalar: Let f(z) ^ be a rational function on P 1 , and 
let A(z) be a d-connection on a vector bundle C. Clearly, the product f(z)A(z) is 
again a d-connection on C. 

In the language of difference equations, this operation corresponds to multi- 
plication of solutions by T-functions. Indeed, let us write f(z) — c\\(z — Zi) ki . 
Then y(z) solves the difference equation y(z + 1) = A(z)y(z) if and only if y(z) = 
e cz XlY(z-Zi) k *y{z) solves y(z + l) = {f(z)A(z))y{z). 

On the other hand, multiplication by a scalar is also a special case of a tensor 
product of d-connections. We can view f(z) as a d-connection on the trivial rank 
one bundle Opi; then f(z)A(z) becomes the natural d-conncction on the tensor 
product C — C ® Opi of two vector bundles with d-connections. 

Remark 3.5. For any d-conncction A(z), we can pick a function f(z) so that the 
only pole of the product f(z)A(z) is at infinity. For instance, suppose C has rank 
2, and the d-conncction A{z) has a simple pole at z — zq; this means that all 
matrix elements of A{z) (in some basis) have at most a simple pole and det (A(z)) 
has a simple pole at z = Zq. Then [z — zq)A(z) has a simple zero at zq. In this 
way, classification of rank 2 d-connections with simple poles and simple zeroes on 
P 1 — {oo} is reduced to classification of d-connections with simple zeroes only. 

Now suppose (£,A(z)) £ M$ for 8 £ 9. Let f(z) be a rational function; clearly, 
the product (£, f(z)A(z)) is a d-connection of type 0' (for some 0' £ Q) if and 
only if the function f(z) — c is a non-zero constant. If f(z) = ceC - {0}, then 
(£, cA) £ M e > for 

0' = (oi, . . . ,a k ;cpi 1 cp 2 ,di 1 d 2 ;n). 
Clearly, the correspondence (£, A) i— » (£, cA) gives an isomorphism /i = /i c : 
Mg^Mgi; the inverse map is /i c -i. 

Modification: Suppose 1Z : is a rational isomorphism between two 

vector bundles £ and £' on P 1 . Then a d-connection A(z) on C induces a d- 
connection A' on CJ (and vice versa). 

In the language of difference equation, this operation is the d-gauge transforma- 
tion 

(3.3) A'(z) = R{z + l)- 1 A(z)R{z), 

where R, A, and A' are the matrices of 1Z, A, and A' respectively (corresponding 
to some choice of bases). We call A' a modification of A (of course, A is also a 
modification of ^4'). 

Remark 3.6. Modifications can also be viewed as an isomonodromy deformation 
in the sense of [5] . Indeed, the monodromies of A and A' coincide (for the mon- 
odromies to exist, A and A' have to satisfy the assumptions of Corollarv l3.4p . 

The simplest class of modifications is the so-called elementary modifications: 

Definition 3.7. Suppose the rational isomorphism 1Z : C-~*C' is regular and has 
exactly one simple zero. In this case, A' is an elementary upper modification of A, 
and A is an elementary lower modification of A . 

Note that an upper elementary modification 1Z : C — > £' is uniquely determined 
by the pair (x, I), where x £ P 1 is the only zero of 1Z and the one-dimensional 
subspace I C C x is given by I = ]s.er{1Z{x) : C x — > C! x ) C C x . Conversely, any pair 
(x £ P 1 ,/ G C x ) defines an elementary upper modification. Similarly, elementary 
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lower modifications of £ are in on-to-one correspondence with pairs (x, V) where 
x € P 1 , V C C' x is a subspace of codimension one (for 7Z : C — » x is the only 
zero of i? and i' = im(72.(x) : £ x — > ££.)). 

Proposition 3.8. Suppose (C,A) G Mg for 9 = (ai, . . . ,a,k] pi, p2,di,d2;n) ) and 
Pi 7^ /°2- (£',.4') &e aw elementary upper modification of £ given by (x G 
P , I C TTien i/ie only cases when (C,A') belongs to Mg> for some 9' G are 

as follows: 

(1) If x = oo, f/ien Z mwsi &e an eigenspace of A n '■ £-oo — * £oo (the leading term 
of A = A n z n + lower order terms). If, for instance, I — ker(A n — pi) C Loo, 
then 9' — (ai, . . . , a&; Pi, P2, d\ — l,d2',n), and an analogous formula holds 
when I = ker(_4„ — p2). 

(2) If x = ai is a zero of A and x — 1 ^ a j is not, then I must be the kernel of 
A(x) : C x — > £ x+ i; m to case, 0' = (ai, . . . , a, - 1, . . . , au; pi, pi, d\, d 2 ; n). 

In either case, the elementary modifications define an isomorphisms Mg~—>Mgi . 

□ 

Remark 3.9. Sometimes an elementary modification of a d-connection of type 9 
has simple poles, which can be turned into simple zeroes using multiplication by 
a scalar (for example, this happens if neither x nor x — 1 is a pole). However, 
this procedure does not lead to an isomorphism between the moduli spaces Mg (at 
least assuming (|2.2[) - (|2.6|) hold), because the corresponding spaces have different 
dimensions. 

Thus, elementary modifications (upper or lower) allow to identify Mgi and Mg 
if 0' is obtained from 9 by adding or subtracting 1 to one of <Zj's or dj's, provided 
certain conditions hold. Composing such identifications, we get other isomorphisms 
between Mg for different 9 € Ok- 

The situation is particularly simple if 9 satisfies the conditions (|2.5|l , (|2.6j) . Then 
Mg and Mgi are naturally isomorphic if 9' is obtained from 9 by adding integers to 
aj's and aVs. In other words, we have a natural action of the group G = (1) k x (Z) 2 
on <dk, and for any 9 e 0fc satisfying (|2.5|) . (|2.6p (in particular, for any 9 G 0jj,), 
we get isomorphisms Mg — > M s g for all 3 G G. 

3.3. Irreducibility of d-connections. Let A{z) be a d-connection on a vector 
bundle C on P 1 . Assume that A(z) is non-degenerate at infinity in the sense that 
(|3.ip holds. Denote by (pi, . . . , p m , di, . . . , d m ; rc.) the formal type of A(z) at infinity. 

For the morphism A(z) : C z — > £ 2 +i, its determinant is a map det^4(z) : 
f\ m C z — > f\ m Cz+i'i m other words, det^4(z) is a d-connection on the line bundle 
det £ := /\™ £• It is easy to see that det £ has formal type (pipi ■ • ■ p m , di + ■■■ + 
d m ; mn) at infinity. Let ai, . . . ,au £ A 1 and bi, . . . , 6; G A 1 be zeroes and poles 
(counted with multiplicity), respectively, of det„4(z) on A 1 . 

Lemma 3.10. The collection (ai, . . . , a&; &i, • • • , bj; Pi, • • • , p m , di, • ■ ■ , dm! n) satis- 
fies the following equalities: 

mn = k — I 

m k l 

deg(£) = - ^2 d i - X] ai + X! 6< - 

i—1 i= 1 i=l 



MODULI SPACES OF D-CONNECTIONS AND DIFFERENCE PAINLEVE EQUATIONS 15 



□ 

Corollary 3.11. Let (£,A) be a d- connection of type 

6 = (ax,...,a k ;pi,p2,di,d2;n) E 6. 

Then k = 2n and deg(6) — deg(£) (see (|2.3p for the definition of deg(9)); in 
particular, deg(9) is an integer. □ 

Lemma 3.12. Suppose 9 £ satisfies (|2.4p . Then any (£, A) E Mg is irreducible: 
there is no rank 1 subbundle £ c C such that A(£ z ) C £ z +i for all z. 

Proof. (Both the statement and its proof are completely analogous to [3l Proposi- 
tion 1].) Suppose £ C £ is an invariant subbundle of rank 1, so that A induces a 
d-connection A\i on £. All zeroes of A\e belong to {ai, . . . , a^}; besides, the formal 
type of A\e at infinity is either (pi,di;n) or (p2,d2',n). Now Lemma [3.101 leads to 
a contradiction. □ 

Corollary 3.13. Suppose (C,A) E Mg and suppose that 9 £ Q 2n satisfies (|2.4j) . // 
£ ~ 0{ni) © 0(n 2 ), then \m - n 2 \ <n. 

Proof. Without loss of generality, we can assume n\ > n 2 . Let £ C C be a rank 1 
subbundle of degree n\. Since (£, A) is irreducible, I is not ,4-invariant, and so the 
rational map a : I — > C — > s*£ — > s*(C/£) is not identically zero. Notice that a 
can have at most a pole of order n at oo (and no other poles); thus, n\ = deg(£) < 
n + deg{L/£) = n + n 2 . □ 



4. Difference PV 
In this section, we study Mg for 

9 = (a 1 ,a 2 ,a 3 ,a 4 - p 1 ,p 2 ,d ll d 2 ;2) E 6|. 

We assume deg(9) = —1 (that is, —di — d 2 — J2i=i a i — ~^)- Using modifications, 
we can make this assumption without loss of generality. 

4.1. Mg as a quotient. Let (C,A) E Mg. By Corollary 13. 131 C is isomorphic to 
O © 0{— 1). Let us choose an isomorphism S : O © C(— I^jC; then A induces the 
d-connection S(z + l)~ 1 A(z)S(z) of type on O © 0(— 1). Such a d-connection 
can be written as a matrix 



(4.1) 



A 



an «i2 

«21 Q-22 



an, 022 ET(P 1 ,0(2)) 
a 12 ET(P 1 ,0(3)) 
a 21 ET(P 1 ,0(1)). 



Of course, S is not unique: it can be composed with an automorphism of O 
0{— 1). Such an automorphism can be written as a matrix 



(4.2) 



R = 







ri2 

'22 



rii,r 22 EC-{0} 
r 12 eT(¥\0(l)). 



If we replace S with S o i?, then A is replaced with its d-gauge transform 



(4.3) 



l) -1 A(2:).R(z). 
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Lemma 4.1. Let A be a d- connection on O © 0(— 1); its matrix A is of the form 
(|4.ip . We claim that A is of type 9 if and only if A satisfies the following conditions: 



(4.4) det(^4) = (z - a\)(z - a 2 ){z - a 3 )(z - a±)p x p 2 

(4.5) an + a 22 (l + z _1 ) = (pi + p 2 )z 2 + (dipt + d 2 p 2 )z + t{z- 1 ), 
where t(z^ 1 ) G C[[z -1 ]] zs a Taylor series in z^ 1 . 

Proof. A is of type 8 if and only if it satisfies the two conditions of Definition 
Let us reformulate the conditions in terms of A. 

Definition 12. 3f l) is equivalent to the condition that 

(4.6) det(A) = c(z — a\){z — a 2 )(z — a^)(z — 04) for some c G C — {0} 
(here we use that det(^4) is a polynomial of degree 4 in z). Now set 

"1 



S(z) := 







-1 



(S is a essentially a basis of O © 0{— 1) in a neighborhood of 00 G P 1 ). By Remark 
13.31 Definition 12. 3f 2) is equivalent to the following two conditions: 

(4.7) det(5(z + \)- 1 A{z)S{z)) = Pl p 2 z 4 + Pl p 2 (d x + d 2 )z 3 + t x (z- Y )z 2 

(4.8) tr(S(z + l)- 1 A{z)S(zj) = ( Pl + p 2 )z 2 + (dipi + d 2P2 )z + t 2 (z~ v ). 

Here ti,t 2 are Taylor series in z^ 1 . 

It is easy to see that (|4.4|) is equivalent to the combination of (|4.6j) and (|4.7j) 
(here we use that deg(#) = —1), and ()4.5|) is equivalent to (|4.8|) . □ 



Corollary 4.2. Denote by Xg the space of matrices A of the form (14. ip £/iat satisfy 
(|4.4p aKc? (|4.5|) : denote by G be the group of matrices R of the form (|4.2p . Lei G aci 
on X# via d-gauge transformations (|4.3p . T/ien t/ie quotient Xg/G is canonically 
isomorphic to Mg. □ 

4.2. Geometric description of Mg. In this section, we will derive Theorem 1X1 
from another geometric description of Mg (Theorem I4.4p . Recall that Theorem \X\ 
realizes Mg as an open subset of a blow-up of (P 1 ) 2 ; in Theorem 14.41 we use a 
different rational surface in place of (P 1 ) 2 . Of the two descriptions, Theorem 14.41 
uses somewhat more natural constructions (however, see Remark l4.5p : for instance, 
all four points ai, . . . , 04 appear in a symmetric manner. On the other hand, the 
advantage of Theorem [Al is that (P 1 ) 2 has natural coordinates (q,p), which can 
then be viewed as 'rational coordinates' q,p : Mg — * P 1 . This makes Theorem El 
more suitable for writing formulas. 

As before, (C,A) <E Mg, S : O © 0(-l)~£, and A is the matrix of A relative 
to S. Notice that the matrix element a 2 \ € r(P 1 ,C(l)) is not identically zero, 
because (C,A) is irreducible. Therefore, a 2 i has a single zero on P 1 ; let us denote 
it by q G P 1 . Set p := a n {q) G (0(2)),. 

Proposition 4.3. p and q depend only on (C, A) G Mg and not on S. 

Proof. This statement can be easily checked directly by calculating the d-gauge 
transformation (j4.3p with the gauge matrix ()4.2p . It is also possible to provide a 
geometric explanation in the spirit of [31 Section 4.1]. □ 
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(q,p) can be viewed as a map P : Mg — > if, where if := V(0(2) v ) is the total 
space of the line bundle 0(2). As we will see, the map P : Mg — > if is a regular 
birational morphism. Since Me is a smooth algebraic surface, P identifies Mg with 
an open subset of a blow-up of if. Let us describe the blow-up. 

Let us start with some general remarks about the geometry of if. Clearly, if is 
fibered over P 1 so that the fiber over z € P 1 is 0(2) z . If / is a (rational) section of 
0(2) that is regular at z, then its value f(z) G 0(2) z can be viewed as a point of 
if; we will denote this point by (z, f(z)). For example, (z, 0(z)) is the zero element 
in the fiber of if over z G P 1 . 

Now let a c : K c — > if be the blow-up of if at c := (z, f(z)). Then the exceptional 
divisor (j f r 1 (c) C if c is isomorphic to the projective line ¥(T C K); that is, points of 
(T t T 1 (c) correspond to lines in the tangent space to if at c. Any smooth curve 
C C if that passes through c defines such a line (the tangent line to C at c). In 
particular, we can take C to be the graph {(x,f(x)) : x 6 P 1 } of /; denote the 
corresponding point of if c by (z, f'{z)). Any other rational section g of 0(2) defines 
a point (,2, g'(z)) G if c provided g is regular at z and g(z) = /(z). 

Theorem 4.4. (1) TVie mop P : Mg — > K is a regular birational morphism of 
smooth algebraic surfaces. 

(2) Let (7i : ifi — > if 6e file blow-up of if a£ f/ie following 6 points: (aj,0(aj)) 
fi = 1,...,4J and (oo, (pjZ 2 )(oo)) = 1,2J. Lef ct 2 : if2 — > ifi &e i/ie 
blow-up of Ki at the two points (oo, (pjZ 2 + pjdjz)' (oo)), j = 1,2 (these 
points belong to the preimages of (oo,(pjZ 2 )(oo)), j — 1,2). Then the map 
P induces an open embedding Pi : Mg if 2. 

(3) The complement to PiiMg) in if 2 is the union of the proper preimages 
of the following curves: the zero section {(z,0(z)) : z e P 1 } C if, the 
fiber at infinity {(00, az 2 (oo)) : a G C} C if, and two exceptional curves 
^(co.G^Xoo)) C K x . 

The proof of Theorem 14.41 is given in Section [4~3l Let us now derive Theorem lAl 
from Theorem 14.41 

Proof of Theorem\^ For (C,A) S Mg, consider the expression 



(q- a 3 )(q- a 4 )' 

Here the denominator is the value of the section (z — as){z — a 4 ) 6 r(P 1 ,0(2)) 
at z = q G P 1 . Both the numerator and the denominator are elements of 0(2) g ; 
therefore, p G C provided the denominator does not vanish. We can view p as a 
rational mapping p : Mg — > P 1 . Actually, Theorem 14.41 implies that p : Mg — * 
P 1 is regular: the corresponding rational mapping if --■> P 1 has singularities at 
(03, 0(03)), (04, 0(04)) G if, but the blow-up Ki — > if resolves the singularities. We 
therefore obtain a regular mapping P := (g,p) : Mg — > (P 1 ) 2 . We claim that P 
induces an embedding P2 : Mg if 2 , where if 2 is the blow-up of (P 1 ) 2 described 
in Theorem [A"l 

Let us consider the birational mapping $ : (q,p) i— > (o,p) : if — » (P 1 ) 2 . It is 
easy to see that $ induces an open embedding $1 : ifi c — > K\, and the complement 
ifi — < f>(ifi) is the proper preimage of P 1 x {00} C (P 1 ) 2 under the blow-up ifi — > 
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(P 1 ) 2 . To complete the proof, we should now check that <&i maps the centers of 
the blow-up K2 — > K\ to the centers of the blow-up K2 — > K\ . This also follows 
from the formulas. □ 

Remark 4.5. Geometrically, formula ()4.9|) can be explained as a multiplication a 
d-connection by a scalar. For (C,A) G Mg, consider the d-connection 



(z — az){z — 04) 

on C. Then A has simple zeroes at 01,02, simple poles at (13,0,4, and its formal 
type at infinity is {p±,p2',di + 03 + 04,0*2 + 03 + 04; 0). Moreover, we can then 
view Mg as the moduli space of d-connections of this kind (as in Remark |3 . 5[) . For 
d-connections of this kind, p plays the role of p, and Theorem 1X1 plays the role of 
Theorem 14.41 

4.3. Proof of Theorem 14.41 The most direct way to prove Theorem 14.41 is by 
bringing matrices (|4.1|) to some 'normal form'. We will not reproduce all calcula- 
tions here; the idea of the proof is as follows: 

Denote by Mg the open subset of K2 described in Theorem 14. 4f 3) (that is, the 
complement of proper preimages of the zero section, the fiber at infinity, and two 
exceptional curves). We need to show that the map P : Mg — > K lifts to an 
isomorphism Mg — ► Mg. Let us consider open sets 

U Q := ^(P 1 - {00}) C Mg Uoo := ^(P 1 - {0}) C Mg 

U Q := (T 1 ^ 1 - {00}) C Mg := g" 1 ^ 1 - {00}) C Mg. 

It suffices to show that P lifts to isomorphisms Uo—*Uq, J7oo— >t^oo- We will show 
this by writing Uo, Uoo explicitly as zero loci of polynomial equations. 

Let (£, A) be a point of U . Then q = q(£, A) eCemdp = p{C, A) e (0(2)) q = 
C. It is easy to see that there exists an isomorphism S : O © 0(— 1)— unique up 
to a multiplicative constant, such that the matrix of the d-connection A relative to 
S is 

«2 2 er(P 1 ,o(2)) 
o u er(P 1 ,G(3)). 

Essentially, (|4~T0l) serves as a normal form of d-connections (£, A) (provided q =/= 
00). The conditions (14. 4| . (14. 5|) now become equations on 012, &22- Explicitly, 0,12 
and a.22 are determined by their coefficients 

«12 = ai2,3Z 3 + Oi2,2^ 2 + a 12 ^Z + Oi2 : 
022 = &22,2^ 2 + 022,12 + a22,0, 

and (|4.4|) . (|4.5p is a system of polynomial equations on 0,2, j, P, and g. Solving 
these equations, we find polynomial (in p and q) formulas for all a^.j, except for 
r := 022.0- The equation on r looks as follows: 

(4.11) pr = F(p,q), 

where F(p, q) is a polynomial. Thus, Uq is identified with the zero locus of the 
equation (|4.11[) in the three-dimensional space with coordinates p, q, r. 

Besides, F(0,q) = c(q — Oi)(g — 02)(<7 — 0.3) (q — 04) for some c G C — {0}. 
Therefore, the map (p, q) : Uq — > A 2 identifies Uq with the complement to the 



(4.10) 



A = 



an=p ai2 
021 = z — q C122 
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proper preimage of 'the g-axis' {(0, q)} in the blow-up of A 2 at the four points 
(p, q) = (0, <Zj), i — 1, . . . , 4. This complement is exactly Uq. 

Similar approach works for Uoo- For (C,A) G Uoo, seta; := {q{£, A))^ 1 G C, n := 
qiC Ay* e wnere the denominator is understood as the value of z 2 e r(P 1 , 0(2)) 
at z = q. One can think of to and ir as the coordinates on the complement to the 
zero locus of q in K. Then there is a unique up to a multiplicative constant choice 
of S : O ® 0(-l)~C such that the matrix of A is 



A = 



TTZ 2 CL12 



1—uz a 22 

Again, we get a system of polynomial equations on the coefficients of a^- Solving 
the equations, we find polynomial (in 7r and to) formulas for all a^j, except for 
r = a22, o- In this case, the equation on r is 

(4.12) 7rw 2 r = G{it,uj), 

where G(ir, to) is a polynomial. Therefore, Uoo is the zero locus of the equation 
()4.12l) in the three-dimensional space with coordinates n,u),r. Again, from the 
formula for G(n,u>), one easily sees the isomorphism Uoo—^Uoo- 

For instance, let us consider the neighborhood of ui — (the complement of oj = 
is covered by Uq). One can check that G(ir, 0) = (it — pi)(n — p 2 ), so when u> = 0, 
either tt = p\, or 7r = p 2 . Consider the neighborhood of the set lu = 0, n = p\ in 
Uoq. It follows that 7Ti := (n — Pi)/uj is a regular function on the neighborhood (tti 
is the coordinate on the blow-up of the uj-tt plane at (u, it) = (0, pi)). We can then 
rewrite J4.12[) in variables 7r l7 u>, and r: 

(cJ7ri + pi)ru = H(wi,lj), 

where H(tti,uj) is a polynomial such that H(tt\, 0) = (p 2 — Pi){^i — Pi<2i); therefore, 
r is essentially the coordinate on the blow-up of the u-tti plane at (w, tti) = (0, pic?i). 
Of course, the neighborhood of the set lu = 0, ir = p 2 in i7oo has a similar descrip- 
tion. □ 

Remark 4.6. Theorem [X] can be also proved in a more geometric way, in the spirit 
of [1 Theorem 3]. 

4.4. Proof of Theorem [Bj The proof of Theorem [5] is also based on calcula- 
tions. The calculations are simplified by the observation that it suffices to check 
the formulas (|2.7[) on a dense subset of Mg; we can therefore assume that q, q' ^ oo. 

Take (C,A) £ M g and set [C',A!) := dPV(C,A). Let us assume q(C,A) ^ oo 
(that is, (£, A) S Uo), then there is an isomorphism S : O 0(— 1) := +£ such 
that the matrix of A relative to S is of the form (|4.10|) . Using the formula p — 
p(q — as) (q — 04), we can write the matrix as 



(4.13) A 



a 22 eT(F 1 ,0(2)) 

012 er(P 1 ,o(3)). 



P(« - a,z){q - 04) a i2 
« - 9 022 

Recall also that a\ 2 , a 22 are polynomials of z whose coefficients are rational func- 
tions of p, q. 

Similarly, if we assume q(C',A') ^ 0, there exists an isomorphism S' : O © 
0(— VpiC! such that the matrix of A' relative to S' is of the form 



(4.14) A' 



P'W - 0.5) {q' - a-i) a' 12 
z-q' a 22 



a' 22 e r(P 1 ,o(2)) 
a' 12 er(P 1 ,o(3)). 
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By the definition of dPV, the matrix A' is the d-gauge transformation of A: 

(4.15) A'{z) = R{z + l)- 1 A(z)R(z), 

where R is the matrix of the rational map 1Z : C'^+C (from the definition of dPV) 
with respect to the bases S, S' . It follows from the properties of modifications 
(Section l3?2|) that 1Z induces a regular map £ — ► C ® 0(1) whose determinant has 
simple zeroes at a\, a 2 and no other zeroes. In other words, R is of the form 

o_[ni r 12 ] r n ,r 22 er(P 1 ,o(i)) 

[rai r 22 \ ' r 21 G C,r 12 6 T(P 1 ,0(2)), 

such that 

(4.16) det(i?) = c(z-ai)(z-a 2 ) (ceC-{0}). 

(|4.16[) yields polynomial equations on the coefficients of rn, ri 2 , 7*21, r 22 ; the con- 
dition that (|4.15p gives a matrix A' of the form (|4. 14|) also gives such equations. 
The resulting system determines R up to a multiplicative constant. From (|4.15| . 
we now obtain a formula for the matrix A' in terms of p and q; in particular, we 
can derive (|27T|) . □ 

5. Difference PV and classical PVJ 

5.1. Geometry of PVT. Let us recall the description of the surface Mr x< \\. Wc 
will suppose that 

4 

(5-1) ]T(A-+A+) = 1. 

i=i 

It is easy to see that M( x ^) onr y depends on the classes of A^ in C/Z (because of 
modifications of bundles with connections) , so our assumption does not restrict the 
generality. 

Suppose x s X, A s A, and let K x be the total space of the line bundle f2pi [x\ + 
■ ■■ + Xi). Let bi C K x be the fiber over xi G P 1 . Notice that the residue of 1- 
forms identifies the fiber of Sl{x\ + ■ ■ ■ + X4) over xt with C, so we get a canonical 
isomorphism res^ : bf^A 1 . Denote by M( Ki a) the blow-up of K x at the eight points 
(reSi) -1 (A^), i = 1, . . . ,4, and let ML A ^ C M( x ,a) be the complement to the proper 
preimages of bi C K x . 

Proposition 5.1. There exists an isomorphism M( Xt \y-+Mi x x y □ 

Proposition lS.ll is a slight generalization of [31 Theorem 3] (see also [TBI Theorem 
2.2]): 3 works only with SL(2)-bundles, which corresponds to assuming A^ + A s + = 
0, (i = 2, 3, 4). However, the general case is easily reduced to this special case. Let 
us sketch the construction of the map M^ Xi x)—*M', x x y 

Given (£, V) £ M^ j), one can show that C ~ O © 0{— 1) (this is similar to 
Corollary 13 . 1 3[) . If we fix an isomorphism O ® 0{— 1)— +£, the connection V is 
determined by its matrix 

mix, ?ri22 £ r(P 1 , f2 P i(xi H h Xi)) 



M{z) 



mn mi2 

77721 TO 22 



77112 G T(P 1 , Opi (asi + • • • + Xi) ® 0{l)) 
77721 E L(P X , npifa?! + • • • + Xi) <8 0(-l)). 



It can be proved that m 2 i is not identically zero (because (C, V) is irreducible; this is 
similar to Lemma f3. 12)) . Therefore, m 2 \ has a single zero on P 1 ; denote it by q PVI . 
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Set p PVI := mn(q PVI ). Note that p PVI belongs to the fiber of Q ¥ i(xi + h x 4 ) 

over q PVI 6 P 1 . In other words, p PVI is a point of the total space K x (in the 
notation of Section |4~21 the point is (q PVI ,p PVI ) G K x ). One can check that q PVI 
and p PVI depend only on (£, V), not on the choice of © 0(— 1)^C. Therefore, 
we obtain a regular map Mr X) x\ — * K x . Proposition 15 . 1 1 claims the map induces an 
isomorphism M^^y^M'^ X y 

Proof of Theorem^ Let 9 £ 0j, i £ I, and A G A be as in Theorem [Cl we will 
define the isomorphism Me — > Mi x y> by explicit formulas. Let q,p : Mg — ► P 1 be 
the 'coordinates' from Theorem [A] Consider the expression 

p p vi (z-idz) z=p q, 

where (z~ 1 dz) z=p G (fipi(xi + ■ • • + Xi)) p is the value of z dz G r(P , (xi + 
• • • + Xi)) at z = p. Then p PVI G (Q r i(xi + • • • + Xi)) p , provided q ^ oo. Let us 
also set q PVI := p. 

If q 7^ oo, we have (q PVI ,p PVI ) G K x ; in this manner, we get a rational map 
M e --+K* : (q,p) ~ (q PVI ,p PVI ). 

Using Theorem [A] and Proposition 15.11 it is easy to see that the map is actually 
regular, and that it lifts to an isomorphism M$ — > M( Xj \y □ 

5.2. Classical PVI. The isomonodromy deformation of bundles with connections 
gives a system of differential equations on the 'coordinates' q PVI , p py/ (the 'usual' 
PVI). Here g pv/ , p PVI are viewed as functions of xi, . . . , X4, while A^ are fixed 
parameters. Let us recall the explicit formulas (which we adapted from 17 ). 

For simplicity, we assume, in addition to (|5.ip . that X4 = 00. Define the new 
parameters by Ki := A^~ — A^~, i = 1, ... ,4, and let us replace the variable p PVI 
with 

~pvi :={p PVi /dz) _j-J^_ 

Since p PVI G (fi P i(xi + ■ • • + X4)) q pvi, the ratio p PVI jdz (if it is defined) is a 
number. The advantage of p PVI is that the differential equations for q PVI , p PVI 
involve fewer parameters: Kj's, rather than A^'s. 
Set also 

4 \ 



K " := 9 1 ~ H Kl 



i=l / 

and qi := q PVI — x,, i = 1, 2, 3. Define the Hamiltonians Tij, i = 1, 2, 3 by 

^ (gig2g3)(p PVJ ) 2 - ((wt - l)gjgfc + gjg»gft + Kkqiq 3 )p PVI + kq(k + k 4 ) 

The equations can then be written in the Hamiltonian form as 

d i PVI dh * d P PVI dh * r-i 9 ^ 

(b ' dx~i ~ dp™ 1 ' 8 Xl ~ dq PVI ' V- L > Z > 6 )' 

The system |5?2"1 can be reduced to the usual form of PVI as follows: set 

PVI 

q^ v - xi x 3 - xi 

2/ := , x := . 

x 2 - xi x 2 - x\ 
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Then I5T21 implies that y depends only on x, not on xi, x 2 , X3, and that y satisfies 
the PVI equation 

d 2 2/ 1/1, 1 , 1 \ fdy\ 2 (1 , 1 , I \dy 

(5.3) 



dx 2 2\y y — 1 y — x J \dx J \x x — 1 y — x ) dx 

y(y — l)(y — x) ( 2 2 X 2 x ~ 1 2\ x ( a; — 1)\ 

2? 1\2 I K 4 — K l~ 9 + K 27 7T2 + U — K 3)t Y2 I ' 

5.3. Isomonodromy deformation of d-connections. Let us prove Theorem 
IdTD. Informally, we need to show that, given 8 g <d 2n an d Pi>P2 ^, any d- 
connection of type has a natural 'first order deformation' that is 'of type' 

6» e := (ai, . . . ,a 2n ;pi + ep[,p 2 + ep 2 ,d 1 ,d 2 ;n). 

Here e is the parameter of the deformation, and all calculations are done modulo 
e 2 , that is, over the ring of dual numbers C e := C[e]/(e 2 ). First, let us prove a 
'formal' statement: 

Proposition 5.2. Suppose the matrix A(z) = ^2 i<n AiZ 1 over C((z -1 )) has formal 
type (pi, . . . , p m ; d\, . . . , d m ; n) at infinity (see Provosition 1 3. 1\) . For any collection 
Pi, . . . ,p' m 6 C, there exists a gauge matrix R e {z) = R(z) + eR'(z), where R(z) is 
as in Provosition VS '. 1\ (that is, R{z) is an invertible m x m matrix over C[[z _1 ]]J, 
and R'(z) is an mxm matrix over the ring of formal Laurent series C((z -1 )) such 
that 
(5.4) 

R%z+l)- 1 A(z)R e (z) = diag((p 1 +p' 1 e)(z"+d 1 z"- 1 ), . . . , {p m +ep' m )(z n +d m z n ~ 1 )). 

The matrix R t (z) is unique up to right multiplication by a diagonal matrix with 
entries in C e . 

Proof. (|5.4p is equivalent to the following two conditions: 

(5.5) R(z + l)- 1 A{z)R(z) = diag( Pl z™ + Pl d lZ n ~\ . . . , p m z n + p m d m z n - x ) 
R(z + l)- 1 A(z)R'(z) - R(z + l)- 1 Bf(z + l)R(z + l)- 1 A(z)R(z) = 
diag^z" + pidi*"- 1 , . . . , P ' m z n + p' m d m z n - 1 ). 



As A(z) has formal type (pi, . . . , p m \ d\, . . . , d m ] n) at infinity, there exists a matrix 
R(z) satisfying (|5.5[> : moreover, R{z) is unique up to right multiplication by a 
constant diagonal matrix (Proposition 13. ip . Once (|5.5[) is satisfied, (|5.6[) can be 
rewritten as 

(5.7) B(z)S(z) - S(z + l)B(z) = diag(piz" + p\d lZ n ~\ . . . , p' m z n + p' m d m z n -^, 

where we set B(z) := diag(piz" + pidiz n ~ x , . . . , p m z n + p m d m z n ~ 1 ), and S(z) := 
R(z)^ 1 R'(z). One can view (|5.7[) as a difference equation on the matrix S(z); it 
is easy to see that the only solutions whose matrix elements are Laurent series are 
given by S(z) = diag(( j o' 1 /pi)z + ci, . . . , (p' m /p m )z + c m ), where Cj's are arbitrary 
constants. This implies the statement. □ 



Proposition 15.21 allows us to construct the natural first order deformation, thus 
proving Theorem |D](1). The construction is most easily described using the follow- 
ing well-known statement. 
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Lemma 5.3. Let £ be a vector bundle on P 1 and let S(z) : C 2 ^£ z be a trivial- 
ization of £ in the punctured formal neighborhood of oo (so S(z) is essentially a 
matrix whose entries belong to C((z~ 1 )) ). Then there exists a unique vector bundle 
C s such that C and C have equal restrictions to P 1 — {00} and that the map 

S{z) :C 2 ^£ Z = (C s ) z 

extends to a trivialization of £ s in the formal neighborhood of 00. □ 



Notice that Lemma 15.31 still works when S depends on parameters. In this case, 
the modification £ will also depend on the parameters. 

Proof of Theorem[D{l). Take p = (pi,P2) G P, (C,A) G M e(p ). Take a tangent 
vector t = pi -r^- 4- p' 2 to P at p. Let us construct a natural lifting of r to a 
tangent vector a tangent vector tm to M at (£, A) G M. 

Choose a trivialization S(z) : C 2 ^£ z on the neighborhood of 00 G P 1 . The 
matrix 

A{z) :=S- 1 (z + l)A(z)S(z) 

of A relative to S satisfies the assumption of Proposition 15.21 Let us set S e (z) := 
S(z)R e (z), where the matrix R e {z) is given by Proposition 15. 21 We can view S € (z) 
as a trivialization of C in the punctured formal neighborhood of 00 G P 1 that 
depends on e 6 C f . Lemma I5~3l defines a vector bundle C e := C that depends on 
e. 

C e and C coincide on P 1 — {00} (for any value of the parameter e), thus the d- 
connection A on L induces a d-connection A e on C e . Notice also that when e = 0, 
we have £ e = £, A e — A. The pair (£ e ,A e ) define a tangent vector tm to M at 
(£, ^4). The vector tm does not depend on the choice of R e . It is easy to see that as 
r and (£, A) vary, the lifting tm defines a flat algebraic connection on M — > P. □ 

5.4. Isomonodromy deformation for 2n — 4. Suppose now that 2n = 4, 
deg(9) = — 1. Then the construction of the previous section can be reformulated 
more explicitly. Instead of working with d-connections, let us consider their matri- 
ces (that is, we think of Mg as a quotient Xg/G, see Corollary I4.2p . 

Let (C,A) and (C e ,A e ) be as above. Choose a trivialization S e : O® 0{— l)^?£ e 
(depending on e). When e = 0, S e becomes a trivialization S : O © 0{—l)~C. Let 
A be the matrix of A relative to S, and A e be the matrix of A e relative to S e . Let 
us summarize the properties of A € : 



Proposition 5.4. The matrix A e (z) — A(z) + eA'(z), where 
(5.8) A' 



ni u i2 

l 21 a 22 



a' u ,a' 22 eT(¥\0(2)) 
a' 12 GT(P 1 ,0(3)) 
a' 21 GT(P 1 ,0(1)), 



satisfies the following conditions: 

(1) For some 2x2 matrix S £ (z) = l+eS'(z), where the entries of S'(z) are poly- 
nomials in z (of arbitrary degree), we have A e (z) — S e (z + l)~ 1 A(z)S e (z). 

(2) For some 2x2 matrix 



1 

z- 1 



(Tiz-^+eT'iz- 1 )), 



24 



D. ARINKIN AND A. BORODIN 



where T,T' are 2x2 matrices over C[[z x ]] and T is invertible (that is, 
det(T| z -i = o) ^ 0), we have 

R e (z + l)- 1 A e (z)R £ {z) = diag((pi + ep[)(z 2 + d lZ ), (p 2 + ep' 2 )(z 2 + d 2 z)). □ 

Conversely, a matrix A e with such properties corresponds to the 'continuous 
isomonodromy deformation' of Theorem iDll). Actually, we can reformulate Thco- 
rem|D][l) (for 2n — 4, deg(6>) = —1) as the following statement: 

Proposition 5.5. Let A(z) G Xg, G ®\, deg(6>) = -1. 

(1) There is a deformation A t (z) that satisfies the conditions of Proposition 

(2) A t (z) is unique up to a d-gauge transformation 

A £ (z) ^ i? e (z + iy 1 A' i {z)R £ (z) 
for a gauge matrix R e (z) = 1 + eR'(z), where R'{z) is of the form 



R'(z) 



1 n 




' 12 

'"22 



r' n ,r' 22 eC-{0} 
r[ 2 eT(V\0(l)). 



□ 



5.5. Isomonodromy deformation of d-connections as PVT. Let us now use 

coordinates q,p on Me to write the connection of Theorem \D\l) as a system of 
differential equations on p and q. Suppose (£, A) G Mg and let A G Xg be the 
matrix of A relative to some trivialization S : O © 0(—l)^C We need to find A e 
that satisfies the conditions of Proposition I5T41 As in Section it suffices to do so 
when (£, A) belong to a dense subset of Mg; we can thus assume that q(C, A) ^ oo. 
We can then pick S so that A is of the form (|4.13[) . 
We will look for A e in the form 



A £ (z) - 
for the gauge matrix 

S £ (z) = l + 



'■li 

"'-21 



'11 
^21 



'12 
7 22 



S e (z + l)- 1 A(z)S e (z) 



s'li.^e^.Ofl)) 



g r(P 1 ,o(2)) 



(Actually, the proof of Proposition 15.21 shows that A e is necessarily of this form.) 
Then A e automatically satisfies Proposition 15. 4f 1). so we only need to make sure 
that Proposition I5.4f 2) is satisfied. From Lemma 14.11 (which still holds for d- 
connections that depend on e), we see that Proposition 15. 4f 2) is equivalent to the 
following equations: 

det(A e ) = (z — ai)(z — a 2 )(z — a3)(z — a4)p\p 2 

a\i + a\ 2 {l + z- 1 ) = {p\ + p e 2 )z 2 + {d lP \ + d 2 p%)z + tiz' 1 ), 

where p\ = pi+p^e, and t(z^ 1 ) G C £ [[z -1 ]] is a Taylor series in z -1 with coefficients 
in C 
and 



Solving these equations, we can find formulas for g', p' in terms of p[, p' 2l 
here q' and p' are determined by the condition 



a e 21 {q + eq')=0G 



a e n{q + (q ) = (p + ep')(q + eq' - a 3 )(q + eq - a 4 ). 
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The formulas for q' and p' can then be viewed as a system on differential equations 
on q and p (considered as functions of pi): 

^ _ P\dp2 - P2d.p1 f p(q - a 3 )(q - 04) _ (g - «i)(g - Qg) 

P\- P2 V PlP2 P 

/cos > d Pl -dp 2 Pidp2-p 2 dpi ( p 2 {a 3 + a 4 -2q) 

(5.9) dp =p 1 \ a\ + a,2 — 2q-\ h 

Pi — p% P\~ P2 \ P1P2 

p 

(dipi + d 2 p 2 + 2q(px + p 2 )) 

P1P2 

Proof of TheoremW\(2). We need to verify that 15.91 is obtained from the PVI 15.21 
by plugging in the formulas for p pvl , q PVI , a;,'s, and A^'s (from Theorem [Cl and 
Section ISTTj) . This is a straightforward calculation. □ 

Remark 5.6. Theorem \D\2) can also be proved by an indirect argument. Indeed, 
both PVI and (|5.9j) define algebraic connections on the family M — > P from Theo- 
rem IdJ The difference between two such connections is a vector field on the moduli 
space Mg; on the other hand, it is known that Mg has no non-zero global vector 
fields (0 Theorem 3, Lemma 3], [2SJ Proposition 2.1]). 

Still another, more geometric, proof of Theorem \D\2) uses the Mellin transform 
described in Section 15.61 It is easy to see that under the transform, the continuous 
isomonodromy deformation of d-connections (from Theorem iDll)) corresponds to 
the isomonodromy deformation of ordinary connections, which is described by the 
sixth Painleve equation. 

5.6. Mellin transform. In this section (which is completely independent from the 
rest of the paper), we sketch the geometric construction underlying Theorem[Cl Fix 
9 E 0', x e X, and A e A as in Theorem [Cj 

Take (£, V) G Mi x y>, For any zeC, consider the connection 

V z := V — zC,~ 1 dC i : C — > C x 57pi (xx + X2 + x 3 + £4), 

where we denote by C the coordinate on P 1 . Recall that x\ = 0, X4 = 00, so 
subtraction of zQ~~ 1 d( > from V does not introduce new poles. Denote by £*i D C 
the smallest quasi-coherent sheaf that contains C and such that V z (£*i) C £*! for all 
z6C. (In terms of D-modules, C*\ can be constructed by taking the intermediate 
extension of (£, V z ) from P 1 — {a^i, X2, X3, X4} to P 1 — {0, 00} and then extending 
to P 1 .) Consider the first de Rham cohomology group Hp R (£*\, V 2 ). Since £*! 
and £*i <8> S^pi have no higher cohomologies, it can be computed by the formula 

i?^ (£*!, V z ) = coker(V z : r(P 1 ,£, ! ) -> r(P x , £*, ® Q p i)). 

Hp^jC**, V z ) depends on 2 in an algebraic way; more precisely, it is the fiber over 
z G C of a natural quasicoherent sheaf £»i on P 1 — {00}. The sheaf £*i is the Mellin 
transform of £*i in terms of |21j . 

Consider now the rational map a : C--+C : s ^ £s. Note that a satisfies the 
relation a o V z = V z +i o a. It is also easy to see that a induces an automorphism 
of £*!; therefore, it becomes an isomorphism of D-modules (that is, quasicoherent 
sheaves with connections) (£*t, Vz) := ?(£*i, V z +i). Hence a yields an identification. 

A(z) : H x DR {Lu V z F?fli,rtCC*b Vz+i). 
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As z 6 C varies, we can view A(z) as a d-connection on the quasicoherent sheaf 
£*!. One can check that £*i contains a unique coherent locally free subsheaf of 
rank 2 (that is, a rank 2 vector bundle) C C C*\ such that 

A(z) := (z — a 3 ) (z — a 4 )A(z) 

is a d-connection of type 9 on C. The correspondence 

(Av)^(A^) 

gives a map M( X) ^ — ► Mg. Note that the scalar multiple (z — a 3 )(z — 04) also 
appears in Remark 14.51 

To describe the inverse map Mg — > Mt x x), let us reconstruct (£, V) from (£, .4.). 
For any ( e C - {0}, consider the d-connection 



(z - a 3 )(z - a 4 ) 

on C. Let £*i be the smallest quasicoherent sheaf on P 1 that contains C and such 
that Aq induces an isomorphism (C*\) z — > (£*i) z +i for all z and £ (the quotient 
£*\/C is the direct sum of length 1 skyscraper sheaves supported at points a\,a\ — 
1, ai-2, . . . ; a 2 , a 2 -l, . . . ; a 3 + l, a 3 + 2, . . . , 04 + I, a 4 + 2, . . . ). For any (eC-{0}, 
we obtain a structure of a Z-equivariant sheaf on where 1 £ Z acts on P 1 
by z 1— ► z + 1 and on £*i by _4.£ (in some sense, £*j is obtained from C by an 
'intermediate extension' for Z-equivariant sheaves). Consider the corresponding 
equivariant cohomology group H%(C*\, A^), which can be computed by the formula 

HfrCuA) =coker(^ c - 1 : I^P 1 , C*\) T(P 1 , £*,)). 

^4f) is the fiber over ( e C - {0} of the quasicoherent sheaf C*\ on P 1 — 

{oo,0}. 

For every (gC-{0}, consider the rational map 

<5(C) :£—»£:*■-> zC^s. 
5(C) induces a regular map £*| — » and, therefore, a map 

5*(0 rro? 1 ,/:*,) ^r(P 1 ,£,,). 

The map (5* (£) satisfies the following commutativity relation 

^(0^ = ^(0 + ^. 

Now let us consider the trivial quasicoherent sheaf over P 1 — {0, 00} whose fiber 
over every point ( S P 1 - {0, 00} equals r(P 1 , The formula Aq — 1 gives an 

cndomorphism of this sheaf; the cokernel of the endomorphism is £*i. Notice now 
that A(; — 1 is horizontal with respect to the connection V = d + 8*(()d( on the 
sheaf. Therefore, V induces a connection C*\ — ► £*i ® f2pi (which we will also 
denote by V). Finally, C C £*\ can be reconstructed as the only coherent locally 
free subsheaf of rank 2 such that V is a connection of type (x, A) on C. 

6. Difference PVI 

In this section, we study Mg for 8 £ <d k . We will need suitable versions of several 
statements from Section [H 
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6.1. 

Proposition 6.1 (cf. Proposition 13. ip . Suppose that the matrix A(z) = AiZ 1 

i<n 

over C((z -1 )) satisfies the following condition: 

, . The leading term A n is a non-zero scalar matrix 

while all eigenvalues of the next term A n _\ are distinct. 

Then there exists a gauge matrix R(z) = ^ Ri 2 - 1 with invertible Rq such that 

i<0 

(6.2) R(z + l)- 1 A{z)R{z) = A' n z n + A' n _ lZ n -\ 

where A' n and A' n _ 1 is diagonal. R{z) is uniguely determined up to right multipli- 
cation by a permutation matrix and a constant diagonal matrix. □ 

As before, we will denote the only eigenvalue of A' n by p = pi = • • • = p n , and 
the eigenvalues of A' n _ 1 by pd\, . . . , pd n . It is easy to see that A n — A' n (so p is 
also the eigenvalue of A n ) and A„_i is conjugate to A' n _ 1 (so pd\, ■ ■ ■ , pd n are also 
eigenvalues of A' n _ 1 ; this can be thought of as a version of Remark 13.31 

Proposition 6.2 (cf. Proposition ^. 8p . Suppose 9 = (ai, . . . , dk;p,p, d\, d 2 ) n), and 

d\ ^ di- Let (£ ,A!) be an elementary upper modification of (C,A) G Mg given by 
(x G P 1 ; I C C x ). Then the only cases when (£', A!) belongs to Mg/ for some 9' G 
are as follows: 

(1) If x ~ oo, then I must be an eigenspace of A n -\ : — > (the second 
term of A = pz n + A n -iz n ~ l + lower order terms). If for instance, I = 
ker(_4„_i — pd\) C C^, then 8' = (a±, . . . , ajt; p\, p2, di — 1, d%; n), and an 
analogous formula holds when I = ker(.4„_i — pd 2 ). 

(2) If x — ai is a zero of A and x — 1 ^ aj is not, then I must be the kernel of 
A(x) : C x — > C x+1 ; in this case, 6' = (oi, . . . , a, — 1, . . . , au\ Pi, p 2 , di, d 2 ; n). 

In either case, the elementary modifications define an isomorphisms Mg^Mgi . 

□ 



Corollary 6.3. Suppose 9 G 0& satisfies (|2.5p . (|2.8p . Then Mg is naturally iso- 
morphic to Mg' whenever 9' is obtained from 6 by adding integers to 's and 
di's. □ 

Lemma 6.4 (cf. Corollary 13. 13| . Suppose (£, A) G Mg and suppose that 9 G 02n 
satisfies $2A§, (HH). If £ ~ 0(m) © 0(n 2 ), then \n x -n 2 \ < n - 1. 

Proof. The proof repeats that of Corollary 13.131 the only difference is that the 
order of pole of a at oo cannot exceed n — 1 (because the coefficient of z n in a is 
an off-diagonal element of a scalar matrix; that is, zero). □ 

6.2. Proof of Theorems [El [Fj The proof of Theorem lEl follows the same ideas 
as that of Theorem [A] Fix 9 G 0g, deg(6>) = -1. For any {C,A) G Mg, Lemma 
16.41 implies C ~ O © 0{— 1). Choosing an isomorphism S : O © 0{— 1)— we can 
write A as a matrix 

aii,a 22 GT(P 1 ,0(3)) 
ou Gr(P 1 ,G(4)) 

02i Gr(p 1 ,o(2)). 

Choosing a different isomorphism S replaces A with its d-gauge transformation 
(|4.3p . where the gauge matrix R is given by (|4.2p . 



(6.3) A = 



an «i2 

0>21 «22 
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Lemma 6.5 (cf. Lemma |4.1|) . Let A be a d- connection on O © 0{—\); its matrix 
A is of the form (|6.3|) . We claim that A is of type 9 if and only if A satisfies the 
following conditions: 

a 12 eT(F 1 ,0(3)); a 21 £ T(P 1 , 0(1)); a n - pz 3 ,a 22 - pz 3 e T(P\0(2)) 
det(A) = [z — ai)(z — a 2 )(z — a^)(z — ai){z — a$)(z — a§)p 2 
(an — pz 3 )(a 22 (l + 2 _1 ) — pz 3 ) — a\ 2 a 2 \ = d\d 2 p 2 z A + lower order terms. 

□ 

Remark. The last condition of the lemma can be more naturally written as 

dct(i?(z + 1) _1 AR(z) — pz 3 ) = d\d 2 p 2 z i + lower order terms, 

where R{z) := diag(l, z~ v ) is a trivialization of O © 0{—\) near oo G P 1 . 

We can now think of Mg as the quotient of the space of all matrices (|6.3p that 
satisfy Lemma 16.51 modulo d-gauge transformations with gauge matrices (|4.2[) (cf. 
Corollary |4.2[) . For any matrix (|6.3[) that satisfies Lemma 1^751 denote by q G P 1 the 
only zero of 021, and set p G (0(3)) q . It is easy to see that q and p do not change 
under d-gauge transformations with gauge matrices (|4.2[) ; therefore, P :— (q,p) can 
be viewed as a map Mg — > K, where K :— V(C(3) V ) is the total space of the line 
bundle 0(3). We can now use the map P for a geometric description of Mg (we 
are using the notation of Theorem 14. 4|) : 

Theorem 6.6. (1) The map P : Mg —> K is a regular birational morphism of 
smooth algebraic surfaces. 

(2) Let <j\ : K\ — > K be the blow-up of K at the following 7 points: (a,,0(aj)) 
(i = 1, . . . , 6) and (00, (pz 3 )(oo)). Let a 2 : K 2 — > K\ be the blow-up of K\ 
at the two points (00, {pz 3 + pdjZ 2 )' '(oo)), j = 1,2 (these points belong to 
the preimage aj" 1 (oo, (pz 3 )(oo)) C K\). Then the map P induces an open 
embedding P 2 : Mg <—t K 2 . 

(3) The complement to P 2 (Mg) in K 2 is the union of the proper preimages 
of the following curves: the zero section {(z,0{z)) : z e P 1 } C K, the 
fiber at infinity {(00, az 3 (oo)) : a G C} C K , and the exceptional curve 
CTf 1 (oo,( / 9z 3 )(oo)) C K x . 

□ 

The proof of Theorem l6.6l is completely analogous to that of Theorem l4.4l f Section 
I4.3|) . Now Theorem IE1 easily follows: we set 

P 

(q - a 4 )(g - a 5 )(q - a e ) 

and it is not hard to check that the map P := (q,p) : Mg — > (P 1 ) 2 (which is 
birational by Theorem 16. 6[) is regular and induces an embedding Mg c — > K 2 with 
the required properties. 

Proof of Theorem [7J The proof repeats the proof of Theorem [B] (given in Section 
14. 4p almost word-for-word (of course, the calculations involved are somewhat more 
complicated). The only real difference is formulas (|4.13| . (|4.14|) ; the corresponding 
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formulas in our case are 

z 3 - q 3 +p(q - a 4 )(q - a h ){q - o 6 ) 



A = 
A 1 = 



012 
022 



z 3 -{q') 3 +p'{q' ~a 3 )(q> - a 4 )(q> - a 6 ) 



Ol2 
a 22 



a 22 ,ai2 er(P 1 ,C(3)); 

a 22 ,a' 12 er(P 1 ,0(3)). 



□ 



6.3. Degeneration to difference PV. Given 

§ = (Si, 0,2,0,3, S 4 ; pi,p2,di,d,2] 2) G 4 , 

let us define 6[t) for f G C - {0} by 

0(i) = (ax, 5,2, -pi/t, -p 2 /t, 0,3,0,4; 1, + [pi/t),d 2 + (p 2 /t);3); 

clearly, 0(f) G 8g for all but countably many i. Denote the components of = 
by a, = a% (t) , <ij = dj (t) . Formulas (|2.9|) define a family of equations depending on 
parameter t G C — {0}. Let us show that the difference PV (|2.7[) is the limit of this 
family as t — > 0. 

Replace p with a new variable p := (p2 + qt)p; accordingly, set p' := (/5 2 + q't)p' . 
After we plug the formulas for 0(t), p, and p' into (|2.9p . it becomes the following 
system: 

pi(dl + S 4 + 05) /5 2 (d2 



(6.4) 



PP 1 = 



q = a 3 + a 4 
(a'-Si + l)(a' 



■ a 2 + 1 



• P1P2 



- a 4 -j 

P- P2 
0[t), 



0[t) 



(?' - S 3 )(£?' - S 4 ) 

where O(i) stands for a Taylor series in t with no constant term. This is exactly 
the difference PV equation (|2.7p . 



Remark 6.7. The degeneration of (|2.9| to (|2.7|l has a clear geometric meaning; 
let us sketch it. It is easy to construct a family of moduli spaces v : N — ► A 1 
such that the fiber ^ _1 (£) over t G A 1 — {0} equals Mg/j) whenever 9{t) G 6 , 
while v~ l [Q) = Ms. Similarly, one can define a family i/ : N' — > A 1 such that 
(i/) _1 (*) = M e , (t) if i ^ 0, 0(t) G 6 6 and that (i/)" 1 ^) = M§„ Here 

§' = (Si + 1,S 2 + 1,03,04; pi, p 2 ,di - l,d 2 - 1;2), 

0'(i) = (ai + 1, 5 2 + 1, -pi/t, -pa/*, S3, a 4 ; 1, 1, di + [pi ft) - 1, d 2 + [p 2 /t) - 1; 3). 
The modification of d-connections defines a rational isomorphism N--+N' that is 
regular over a neighborhood of G A 1 ; this isomorphism is given by (|2.9| if t ^ 
and 6[t) G 6 6 and by (H} if < = 0. 

6.4. Degeneration to classical PVI. Let us now show how difference PVT (|2.9p 
degenerates into the classical PVI. Fix 

8 = (Si, S 2 , a 3 , S 4 ;pi,p 2 , 0*1,02; 2) G 64, 

and set 

0(t) := [-pi/t, -p 2 /t, Si, as, S 3 , S 4 ; 1, 1, dj + [pi/t),d 2 + (p* 2 /f); 3) (t e C - {0}); 

again, #(i) G 6 for all but countably many t. Let us also set 

6'[t) := (-(pi/f)-l,-(p2/t)-l,Si,52,S3,34;l,l,<ii + (pi/t) + l,<i2 + (p2/t) + l;3), 
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so that dPVI is an isomorphism Mgn\— >Mgiu\. Note that the formula for 0'(t) is 
obtained from the formula for 0(t) if we substitute 

(6.5) 

for p h i = 1,2. 

Let us replace p with p := (q — a,2)tp; accordingly, set p' := (q' — a^tp' . Then 
(|2.9|) can be written as 
(6.6) 

<7'-<7 («-03)(?-54)-. (q-a 1 )(q-a 2 ) 
—— = — P : h 0(*J 

* Pl/32 P _ 

P'-P - , ~ , 2(pi +p 2 )g + Jipi +J2P2 ^ . a 3 + 5 4 -2^ 2 

— — = 01 + a 2 - 2<? H — p H — p z + 0(t), 

t P1P2 P1P2 

where {q,p) are the coordinates on Mg^ and (q',p') are the coordinates on Mg/uy 
As f — > 0, the left hand sides tend to derivatives of q and p with respect to t. 
Similarly, (|6.5[) becomes the expression 

all other parameters 5i, . . . , 0,4; di, (I2 do not depend on t. Now it is easy to see that 
(|6.6|) is obtained from (|5.9|) (which is equivalent to the sixth Painleve equation) by 
changing variables from pi, pi to t. 

The degeneration of (|2.9p to (|6.6p has a geometric interpretation similar to that 
given for the degeneration to (|2.7[) fRemark l6.7[) . The details are left to the reader. 
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